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Abstract. Wc study logarithmic K-stability for pairs by extending the for- 
mula for Donaldson-Futaki invariants to log setting. We also provide algebro- 
geomctric counterparts of recent results of existence of Kahler-Einstein metrics 
with cone singularities. 
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1. Introduction 

One of the central issue of recent developments of Kahler geometry is on the 
conjectural relationship between the existence of "canonical" Kahler metrics and 
stability in certain sense. Along that line, K-stability is first defined by Tian |Tia97j 
and later generalized by Donaldson |Don02j . 

The logarithmic K-stability with parameter ft £ (0, 1] is defined in |Donll) which 
conjccturally corresponds to the existence of Kahler-Einstein metrics with cone 
angle 2-7T/3 along the divisor on Fano manifolds. 

The purpose of this paper is to extend most of results for K-stability given in 
|Od08j . [Odllaj . [Odllbj . jOdllcj . [OSlOj to t his log arithmic setting which con- 
cerns a pair (X, D). On the way, we extend |Sunlll Theorem 1.1] purely alge- 
braically, allowing more general anti-canonical divisors. We also recover algebraic 
counterparts of |Berl01 Theorem 1.8], jBrelli Theorem 1.1] and [JMRlli Theorem 
2]. This provides more evidence for the above logarithmic Yau-Tian-Donaldson 
conjecture. 

We expect that these will have meanings even in the absolute case. On the 
one hand, Donaldson has recently proposed an approach of constructing Kahler- 
Einstein metrics on Fano manifolds by deforming Kahler-Einstein metrics with edge 
singularities along the anti-canonical divisor. On the other hand, the minimal model 
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program (MMP, for short) is nowadays naturally studied in log setting as it is also 
useful to absolute case study, giving an inductive framework on dimension based 
on adjunction argument. We expect and partially prove in this paper that the 
relation with stability and birational geometric framework based on MMP (which 
first appeared in |Od08j and developed in [Odllb] , [LXllj etc) fits this expectation. 

We make several remarks here. First, about the pathology in |LXllj : they 
pointed out the necessity to restrict attention to only test configurations which 
satisfy the S2 condition (or normality, for normal original variety) for the definition 
of K-stability. It does not violate our arguments and actually it is compatible with 
the framework of [Odllaj . as we explain later in section [3] Second, although we 
argue about a variety X with an integral divisor D unless otherwise stated, the 
following argument mostly works to give extension to the case where D can be a 
Q-divisor. 

We work over C, the complex number field, although a large part of arguments 
in this paper works over more general fields as it is purely algebro-geometric. We 
will use linear equivalence class of Carticr divisor, invcrtible sheaf, line bundle 
interchangeably. 
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2. Preliminary 

2.1. Basics of discrepancy. Consult |KM98j for the details. Along the develop- 
ment of the (log) minimal model program in a few decades, some mild singularities 
should have been admitted on varieties in concern. On that way, the theory of 
discrepancy and some mild singularities' class developed. We review these as the 
efficiency of that theory in the study of stability turned out in |Od08j and developed 
in jOdllaj . jOdllbj . jLXllj etc which we follow. 

Assume (X, D) to be a pair of a normal variety X and an effective Q-divisor D 
in this section. D is usually referred as a boundary divisor. Let ir : X' —> X be a 
log resolution of D, i.e., n is a proper birational morphism such that X' is smooth 
and the divisor tt* D + E has a simple normal crossing support, where E is the 
exceptional divisor of 71". Let Kx'/x Kx' ~ ^*Kx- Then, we denote 



K x > -ir*{K x + D) =J2"iEi, 
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where a, € Q and Ei runs over the set of divisors of X' supported on the excep- 
tional locus or the support Supp(7r,7 1 D) of the strict transform of D. cti's are the so 
called discrepancy (of (X, D) for Ef) which measures the mildness of singularities. 
We usually write it as a(Ei\ (X, D)) := a,. We also note that under the above situ- 
ation, we can also consider discrepancy of pair (X, D + cl) attached with additional 
coherent ideal I C Ox multiplied formally by some real number c as follows: 

a{Ei\ (X, D + cI)) := a(E t ; (X, D)) - cval Ei (J) 

where val^ i means valuation of ideal / measured by Ei. (In that case, we might 
get discrepancies which arc only real numbers. ) Under above notation, we define 
some classes of mild singularities as follows: 

Definition 2.1. The pair (X,D) is called log canonical (lc, for short) if and only 
if cij > —1 for any E^. 

From the definition, for (X, D) to be log canonical, all the coefficients of D should 
be at most 1. 

For a stronger notion, log terminality, we have following versions for pairs. 

Definition 2.2. (i) The pair (X, D) is called kawamata log terminal (kit, for short) 
if and only if a% > — 1 for any Ei . (ii) The pair (X, D) is called purely log terminal 
(pit, for short) if and only if a, > —1 for any exceptional Ei. 

If we allow negative coefficients for D, these conditions give definitions of sub 
kawamata-log-terminality (resp. sub log canonicity). Note these definitions are in- 
dependent of the choice of log resolution. 

One advantage of considering pairs is the following inversion of adjunction, which 
relates mildness of singularity of pair to that of their boundary. 

Theorem 2.3 (Inversion of adjunction |KM98[ section 5.2], |Kaw07j ). Assume D is 
decomposed as D = D' +D" where D' is an effective integral reduced normal Cartier 
divisor and D" is also an effective Q-divisor which has no common components with 
D' . Then the followings hold. 

(i) (X,D) is purely log terminal on some open neighborhood of D' if and only if 
(D' , D"\d') is kawamata log terminal. 

(ii) (X, D) is log canonical on some open neighborhood of D 1 if and only if 
(D' , D"\di) is log canonical. 

Note that there are generalizations to the case where D' is not necessarily Cartier 
nor normal, for which we need to think over normalization of D' with extra divisor 
involved. Consult |KM98| section 5.2], jKaw07j . jOXlll Corollary 1.2] for the 
details and proofs. 

2.2. Seshadri constant. Let X be a quasi-projective variety and J C Ox be a 
coherent ideal on X. The Seshadri constant of J with respect to an ample line 
bundle L is defined by 

Sesh(J; (X, L)) := sup{c > | n*L(-cE) is ample}, 

where tt: X' —t X is the blow up of X along J. It is named after Seshadri's 
amplcness criterion and defined by Dcmailly in early 90s after it for his approach 
to Fujita's conjecture about positivity of adjoint line bundles. For the study of 
stability of varieties it first appeared in |RT07j to define slope stability and its 
extension played a crucial role in [OSlOj etc to judge K-stability. We extend this 
picture further in sectional 
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3. A FRAMEWORK TO WORK ON LOG DONALDSON-FUTAKI INVARIANTS 

In this section, after reviewing the definition of log Donaldson-Futaki invariants 
[Donllj . we extend the framework of jOdllaj to the logarithmic setting. The 
definition of logarithmic K-stability is as follows. 

Definition 3.1 ( [Donllj ). Suppose that (X,L) is a n-dimcnsional polarized variety, 
and L is an ample line bundle. Also suppose D is an effective integral reduced 
divisor on X. Then, a log test configuration (resp. log semi-test configuration) of 
{{X, D),L) consists of a pair of test configurations (resp. semi-test configurations) 
{X,£) for (X, L) and (D,C\t>) for (D,L\d) with the same exponent inside (X,C) 
and a compatible G m -action. 

From the definition, we have T> = G m (D x A 1 ) C X . For the definition of (log) 
Donaldson-Futaki invariants, we prepare the following notation: 

• x(X, L® m ) = a a m n + a x m n - x + 0(n - 2), 

• w(m) := total weight of G m action on H°(X\^ y, C\f^) 

= b m n+1 + bim n + 0(n - 1), 

• X (D, L\% m ) = aom™- 1 + ai m n - 2 + 0(n - 3), 

• w(m) := total weight of G m action on H°(D\{ y, C\fp \ ) 

= b m n + b 1 m n - 1 + 0(n - 2). 
Here, 0(— ) stands for the Landau symbol. Recall that the (usual) Donaldson- 
Futaki invariant of (X 1 C), DF(X, C) is defined as 2(feofli — biao). Here we deliber- 
ately add a constant 2 so that the formula in the following definitions is simplified. 

Definition 3.2 ( [Donllj ). The logarith mic Donaldson-Futaki invariant of a log 
test configuration ((X,T>),£) with cone angle 2irf3 (0 < j3 < 1) is 

DFp((X, V),C) = DF(X, C) + (1 - fj)(a b - 6 5 ). 

Let us call (1— /3)(eto6o — ^oS-o) the boundary part, which does not appear for absolute 
case (i.e. if /3 = 1). 

Definition 3.3 ( [Donllj ). Assume < /3 < 1 and X satisfies Serre's 5*2 condi- 
tion(Note this is weaker than X being normal). ((X,D),L) is said to be logarith- 
mically K-stable (resp. logarithmically K-semistable) with cone angle 2tt/3 if and 
only if DFp((X, T>), C) is positive (resp. non-negative) for any non-trivial (log) test 
configurations which satisfies £2 condition. 

((X 7 D) 7 L) is said to be logarithmically K-polystable with cone angle 2irj3 when 
it is logarithmically K-semistable and moreover DFp((X,T>),£) = for log test 
configuration which satisifies 52 condition if and only if geometrically (without 
action concerned) (X,T>) = (X,D) x A . Let us call such log test configurations, 
product log test configurations. 

Now we recall the formalism of jOdllaj . It is a natural extension of the pioneering 
|RT07j . which treats N = 1 case in the notation below. Let (X, L) be the polarized 
varieties with the divisor D C X in concern. First, let us recall from [Odllaj : 

Definition 3.4 ( [Odllaj ). Let (X,L) be an n-dimcnsional polarized variety. A 

coherent ideal J of A" x A 1 is called a flag ideal if J = h+I\t-\ <rlN-it N ~ 1 + (t N ), 

where Io C I\ C . . . ijv-i Q Ox is a sequence of coherent ideals. (It is equivalent 
to that the ideal is G m -invariant under the natural action of G m on X x A 1 .) 
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Let us recall some notation from |Odllaj . We set C := p*L on X x A 1 and C on 
X x P 1 , and denote the i-th projection morphism from X x A 1 or I x P 1 by p^. 
Let us write the blowing up as II: B(:= Blj(X x P 1 )) — s- X x P 1 or its restriction 
II: #(:= BljiX x A 1 )) — > X x A 1 , and the natural exceptional Cartier divisor as 
E, i.e. 0(-E) = II- 1 J. Denote Bl J \ {Dxk i ) {D x A 1 ) (rcsp. Blj^^D x P 1 )) 
as Bmx&i) (resp. 8( CxP i)). We also write II* £ on B (resp. II*£ on £>) simply as 
C (resp. £). Let us assume C® r (—E) on B is (relatively) semi-ample (over A 1 ) for 
r G Z>o and consider the Donaldson- Futaki invariant of the blowing up (semi) test 
configuration (B, £® r (—E)). Note that it has natural G m action as we are dealing 
with flag ideals i.e. G m -invariant ideal on X x A 1 . Actually these "a priori special" 
semi test configurations are sufficient for the study of log K-stability. 

Proposition 3.5 (cf. [Odllal Proposition 3.8, 3.10]). For a given test configuration 
(X,T>,£) of (X,L) with exponent r, we can associate an flag ideal J such that 
(B := Blj{X x A 1 ),S (DxA i ) := BI JIdxa1 (D x A 1 ), C® r (—E)) with semiample 
C® r (—E) with the same (log) Donalds on- Futaki invariants. 

Proof. For the (usual) absolute version, i.e., the case without boundary, this is 
proved in |Odllaj . As the log Donaldson- Futaki invariant DF^ is usual Donaldson- 
Futaki invariant plus a boundary part, it suffices to prove that boundary part of 
X and B also coincides. But this is straightforward from the construction of B 
starting with given test configuration X . About the construction, consult jOdllaj . 
or |Mum77| section 2] for details. □ 

Corollary 3.6 (cf. |Odlla[ Corollary 3.11]). For (X,L) to be logarithmically 
K-stable (resp. logarithmically K-semistable) with angle 2tt(3, it is necessary and 
sufficient to check the blow up semi test configurations of the above type, i.e., 
(B := Blj(X x k l ),B {DxA i) := BIj\ d ^{D x h 1 ),C® r (—E)) with B Gorenstein 
in codimension 1 with r G Z>o such that C® r (—E) semiample. 

Proof. As in [Odllaj . recall that we can "partially normalize" B as follows: take the 
normalization v: B v — > B and take pv: (C :=)Spec OB (i*Oxx(A\{o}) H Ob*) B, 
where i : X x (A 1 \ {0}) X x A 1 is the open immersion. Denote the pullback of 
exceptional Cartier divisor E on B to B pv by E' := pv*E. Note that this B pu is also 
a blow up of flag ideal J' := (II o pi/)*0(—lE') for / 3> as well and is Gorenstein 
in codimension 1 by [Odllal Lemma 3.9]. 

That does not change boundary part and so this Corollary follows from |RT07| 
Proposition 5.1, Remark 5.2] which works for any (not necessarily normal) polarized 
varieties, although they assumed normality there. □ 

Moreover, we have an explicit formula as follows. From now on, we always 
assume that X is an equi-dimensional reduced algebraic projective scheme, which 
is Q- Gorenstein (i.e., Kx is Q-Cartier), Gorenstein in codimension 1 (i.e., there is 
an open dense Gorenstein subset U with codim([/ C X) > 2), satisfying Serre's S2 
condition (which is weaker than normality) and D is an effective integral Q-Cartier 
Weil divisor, unless otherwise stated. 

Theorem 3.7. Let (X,L), D, f3 and B, J be as above. And we assume that 
exponent r = 1. (It is just to make the formula easier. For general r, put L® r and 
L® r to the place of L and C. ) Furthermore, we assume that B is Gorenstein in 
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codimension 1. Then the corresponding log Donalds on- Futaki invariants (multiplied 
by a positive constant) can be described as follows: 

(n!)((n + l)!)DPp(B, £ - £) = -n(L n -\(K x + (1 - /3)£>))(£ - E) n+1 
+(n + 1)(L")((£ - £)".n*((A' x + (1 - £)£>) x P 1 ) 
+(n + l)(£ n )(((£ - £) n .(% W -ffiD)xA')W), 
using intersection numbers on B and X , where ^b/((x,(i-^)-D)xa 1 ))cxc denotes the 
exceptional parts of K B /{{x,(i-p)D)xA 1 -) : = K B - U*((K X + (1 - /?)£>) x A 1 ). 

Before the proof, recall our original Donaldson-Futaki invariants' formula: 

Theorem 3.8 ( jOdllal Theorem 3.2]). Let (X, L) and B, J be as above. Then the 
corresponding Donaldson-Futaki invariant DF((S = Blj{X x A 1 ), C(—E))) can be 
described as follows: 

(n!)((n + 1)!)DF((B, C(-E))) = -n^ 1 .K x )(C(-E)) n+1 
+(n + l)(L n )((£(-E)r.n*(plK x )) 
+(n + l)(L n )((C(-E)) n .K B/XxAl ), 
using intersection numbers on B and X , where Ag/fxxA 1 ) := Kb — I^*(K X x A 1 ). 

proof of Theorem \3. 7[ This follows from simple calculation of the boundary part 
(1 — /3)(ao&o — foo^o) combined with Theorem 13.81 More precisely, we can calculate 
as follows, bo — (C — E) n+1 , b = (£ — E)\^ follows from the following fact 

"(DxF 1 ) 

in jOdllaj : 

Fact 3.9 ([Odllal formula after Lemma 3.4]). w(m) = x(&~, C® m {-mE)) - x{X x 
P 1 ,£® m ) + 0(m n - 1 ). 

(For estimation of w(m) and calculation of b , simply apply the formula 13.91 
to D and J\(d*ai) instead of X and J. ) a = ^j{L n ), a = ^^ {L\d ) 
follows from the weak Riemann Roch theorem (cf. e.g. [Odllal Lemma 3.5]). Using 
these description of bo, bo, So , oq , we can derive our formula 13.71 We also use 
n*(D x P 1 ) = S(£> xP i) + (II* (D x P 1 )) cxc as Q-divisors on B on the way of the 
calculation. □ 

This formula is a natural extension of the intersection formula of Donaldson-Futaki 
invariants given in [Wan08 , [Odllaj . Note that we can extend our formula [3.71 to 
any log semi-test configurations. It is because the procedure of contracting log semi- 
test configuration via its semi-ample line bundle on the total space or taking blow 
up of flag ideal J of X x A 1 associated to the log test configuration do not change 
the (log) Donaldson-Futaki invariants nor the right hand sides of the formula. (The 
first author talked about this, for the absolute case at CIRM, Luminy, in February 
of 2011. ) 

This framework using blow up has advantages such as, we can consider the 
concepts of destabilising subschemes and moreover, the existence of exceptional 
divisors helps the estimation in some situation as in section [5] In particular, the 
decomposition of the invariant into two parts are important and useful: 11 canonical 
divisor part" which means the sum of first two terms, and 11 discrepancy term" which 
is the last term reflecting the singularity (of the pair (X, (1 — /?)£>))). 
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It is recently explained in jLXllj that there are certain "pathological test config- 
urations" X , which are characterized by the following conditions. Their normaliza- 
tions are trivial though themselves are not trivial, and Donaldson- Futaki invariants 
are vanishing for those. Note that such X should not satisfy Serre's 5*2 condition 
nor normality. Thus, if we consider S2 (or normal) test configurations as in [LXllj . 
then we do not have problems. 

Our arguments work as those pathological test configurations are also charac- 
terized by the condition that associated flag ideals are of the form J = ^Ox -x A 1 
with m £ Z>o, i.e., the case when blow up morphism IT is just the trivial isomor- 
phism. In other words, the first author's paper [Odllaj was not accurately written 
in the sense he ignored the case J = (t N ) there. However, it works for modified 
K-stability which only concerns S2 test configurations X ', whose corresponding flag 
ideal J should not be of that trivial form. Y. O apologizes for this inaccuracy. 

4. Log K-stability of log Calabi-Yau varieties and log canonical 

MODELS 

In this section we extend [Odllbl Theorem 2.6, 2.10] as follows: 

Theorem 4.1. (i) Assume (X, (1 — f3)D) is a log Calabi-Yau pair, i.e., Kx + 
(1 — j3)D is numerically equivalent to zero divisor and it is semi-log-canonical 
pair (resp. kawamata-log-terminal pair) . Then, ((X,D),L) is logarithmically K- 
semistable (resp. logarithmically K-stable) with cone angle 2tt(3 for any polarization 
L. 

(ii) Assume (X, (1 — /3)D) is a semi-log-canonical model, i.e., Kx + (1 — fi)D 
is ample and it is a semi-log-canonical pair. Then, ((X,D),Kx + (1 — /3)D) and 
P £ Q>o is log K-stable with cone angle 2tt/3. 

Remark 4.2. Theorem 14. II (i) extends and algebraically recovers jSunlH Theorem 
1.1], which gave a more differential geometric proof using existence of Calabi-Yau 
metrics on D for smooth D case. Also it provides an algebraic counterpart of |Brell[ 
Theorem!. 1] and jJMRlll Theorem 2], where Kahler-Einstein metrics with cone 
angle 2tt/3 are constructed on (smooth) log Calabi-Yau and (smooth) log canonical 
models. 

Proof. It is easy to see that the canonical divisor part vanishes for the case (i) as 
our log canonical divisor is zero. For the case (ii), as in [Qdllb] . the canonical 
divisor part equals to ((£® r (— E)) .(C® r (nE))) up to positive constant, and it is 
proven to be positive in |Odllb| Lemma 2.7, 2.8]. 

Thus, it is enough to prove that the discrepancy term is positive (resp. non- 
negative) if (X, (1~/3)D) is kawamata-log-terminal (resp. semi- log-canonical). From 
the inversion of adjunction (Theorem 12. 3|) . it follows that all the coefficients of 
(Kg/^x,(i-i3)D)xA 1 ))cxc are positive (resp. non-negative) as in |Odllb| proof of 
Theorems 2.6, 2.10]. From that, using semiamplcness of L® r (—E) and the following 
fact which is proven in [Odllbj , it follows that the discrepancy term is positive (resp. 
non-negative). 

Fact 4.3 ( |Odllb| inequality (3)_in the Proof of Theorem 2.10]). The following 
inequality holds in our setting: {{C® r {— E)) n .E) > 0. 



□ 
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Remark 4.4. For the case (i), (B,C® r (~E)) have vanishing log Donaldson-Futaki 
invariant for J and r G Z>o if and only if all the exceptional prime divisors sup- 
ported on 4>7 1 ('^\{o}) m B have coefficients zero in (Kg/r/xJi-p^D^xA^exc, where 
<j>: B -> A" := Pro? 8 x A 1 , J m (p\L® rm ))) is the natural morphism defined 

by the semi-ample line bundle C® r {—E). This follows straightforward from our 
proof. 

In particular, any image of such IT-exceptional prime divisor Ei with 
codim(0*£^ C X) = 1, n(i£j) is log canonical center of (X x A^l — (3)(D x 
A 1 ) + X x {0}) which have only finite candidates (cf. |Amb031 Proposition 4.7, 4.8], 
|Fujll| Theorem 2.4]). For example, if X and -D are both smooth, all those Ei have 
H(Ei) = D x {0}. 

Remark 4.5. Concerning the finiteness of automorphism groups of polarized log 
pair Aut((X,D),L) := {a E Aut(X) | a*D = D,a*L = L}, as we argued in 
[Qdllb] . jOSIOj . they follows as a special case of |Amb051 Proposition 4.6]. On the 
other hand, once we know the reductivity as analogue of Matsushima's theorem, we 
can prove the finiteness after Theorem 14. 1 1 However, we allow (semi-)log-canonical 
singularities to Calabi-Yau pair, from which we can only deduce log K-semistability, 
we do not have finiteness of the autmorphism group in general, e.g., P 1 with two 
reduced points attached. 

5. Log K-stability and alpha invariants 

In this section, we extend the result of jOSIOi Theorem 1.4] to results for Q-Fano 
varieties with anti-canonical boundaries. On the way, we also recover an algebraic 
counterpart of B crlOl Theorem 1.8]. 

First recall the definition of global log canonical threshold (defined in algebro- 
geometric terms) and the alpha invariant (defined in analytic terms), which is 
proven to be equivalent. The definition of the global log canonical threshold is the 
following, which we use. 

Definition 5.1. Assume (X,D) is a log canonical pair with D Q-Cartier, which 
we allow to be Q-divisor in this definition. Set: 

glct((X,P>);L) := inf roez>0 inf Ee | mi |lct((X, D), -E), 

m 

which we call the global log canonical threshold of the pair (X, D) with respect to 
the polarization L. If D = 0, we simply write glct(X;L). Here, by the definition 
of the usual log canonical threshold, 

1 a 
lct((X, D), —E)) := sup{a | (X, D H E) is log canonical}. 

TO TO 

The definition of the alpha invariant is the following. It is first defined by |Tia87 
and its natural extension to log setting is also discussed in [Bc rlOl section 6]. 

Definition 5.2. Assume X is smooth and (X, D) is a kit pair for an effective Q- 
divisor D in this definition. Write D as D — ^diDi where Di are prime divisors 
locally defined by (fi = 0). Let w be a fixed Kahler form with Kahler class ci(L). 
Let P(X, oj) be the set of Kahler potentials defined by 

P(X,lj) := {if e Cl(X) | sup^ = 0, oj + ^-dd V > 0}, 
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where C^(X) means a space of real valued continuous function of X of class C 2 . 
The definition of alpha invariant of (X, D) with respect to the polarization L is: 

a((X, D);L) := sup{a | e~ aip \fi\~ 2adi is locally intcgrable for all ip G P(X,u)}. 

This is independent of the choice of a;. It is known that these notions are equivalent 
as follows: 

Fact 5.3 ( [CSD081 Appendix A], [BerlOl section 6]). glct((A, D);L) = 
a{{X, D); L) for kit pair (A, D) with smooth X and polarization L. 

It depends on the approximation theory of pluri-subharmonic functions. Consult 
[CSD081 Appendix A], [BerlOl section 6] for the details. 

Theorem 5.4. For a Q-Fano variety X (i.e. ~Kx ample) and anti- canonical 
effective integral reduced Q-Cartier divisor D, which form a purely log terminal 
pair (resp. semi-log-canonical pair) (X,D), i/glct((Jf, (1— j3)D); — Kx) > (resp. > 
)(n/n+ l)/3 then it is logarithmically K-stable (resp. logarithmically K-semistable) 
with cone angle 2tt/3. 

We note that f3 = case also follows from Theorem 14. II (i). Using the original alpha 
invariant, we state a weaker result as follows. This corresponds to the analytic 
statement of [BerlOl Theorem 1.8]. 

Corollary 5.5. For the above setting, we further assume that D 
is irreducible and Cartier. Then, (X,—Kx) is logarithmically In- 

stable (resp. logarithmically K-semistable) for cone angle 2ir(3 with 



< P < (^)mm{glct(X;-Kx),glct(D;-K x \ D )} (resp. < /3 < 
(2±i)min{glct(A; -K x ), glct(£>; -K x \d)}). 



Please be careful that — Kx (resp. — Kx\d) appeared in the global log canonical 
threshold above mean polarization, but not boundary divisors attached to ambi- 
ent variety X (resp. D). For the proof, we follow the viewpoint of "S-stability" 
introduced in jOdllcj . 

Proof of Theorem \5.4\ It follows from the formula 13.71 that our log Donaldson- 
Futaki invariant DF/j(£, C® r {-E)) is 

(1) -/3(L")((£-^)^£) + (L")((£(-^))^(n+l)r(A' B/(( ^ (1 ^ )D)><A1) ) cxc -n£;), 

where r is the exponent of the log semi-test configuration (£>, £® r (— E)). As 
|OS10[ Proposition 4.3] proved the first term is always non-negative it is 
enough to show that all the coefficients of exceptional prime disivor (n + 
l)r(A' i g/((x.(i-/})D)xA 1 ))cxc) — nE is positive (resp. non-negative) under the assump- 
tion of global log canonical threshold that 



To prove it, we need the following inequalities of discrepancies for any exceptional 
prime divisor Ei on B in concern: 



(2) 



glct((A, (1 - p)D),-K x ) > (resp. >)(n/n + l)f3. 



a(Ei] (X x A 1 , (1 - P)(D x A 1 ) + 



n/3 



J + Xx {0})) 



> aiEf, (X x A 1 , (1 - f3)(D x A 1 ) + 



r(n + 1) 

n/3 



I + X x {0})) 



r(n + 1) 
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> a(Ei\ (X x A 1 , (1 - (3)(D x A 1 ) + — — - — -(F x A 1 ) + X x {0}). 

r(n + 1) 

Here, F is taken to be an effective Q-divisor which corresponds to an arbitrary non- 
zero holomorphic section of H°(X, I™(—rmKx))- That vector space does not van- 
ish for sufficiently divisible positive integer m as our assumption of semi-ampleness 
oiC® r (-E) says H°(B, C® rm (—mE)) = H° '(X x A 1 , J m C® rm ) generate J m C® rm 
and H°{XJ™{~rmK x )) is just the subspace of H°(X x & x ,J m C® rm ) which is 
fixed by the G m -action. Note that the discrepancy on the first term and second 
term involve ideal (not necessarily corresponding to divisor) but recall that we can 
define discrepancy completely similarly in this case as we noted in subsection 12.11 
The comparison between the first term and the second term simply follows from 
lo C J and the last inequality follows from the definition of E. Note that it is 
enough to show that the first term is bigger than —1 (resp. at least —1) so we only 
need to prove (X, (1 — f3)D + ^^E) is purely log terminal (resp. log canonical) by 
the inversion of adjunction of log-terminality and log-canonicity (Theorem 12. 3|) . 

On the other hand, the condition ([2]) implies those. This completes the proof of 
Theorem El □ 

Proof of Corollarv \5.5{ Decompose E which appeared in the proof of Theorem 15.41 
as F = aD + F' with some < a < 1 such that Supp(-F') does not include 
D. Then, to see the kawamata-log-terminality (resp. log-canonicity) of (X, (1 — 
P)D + ^j/3F), it is sufficient to prove pure-log-terminality (resp. log-canonicity) 
of (X, D + -^j[3F'). Note that for log terminal version, we assumed (3 > 0. 
On the other hand, our assumptions imply the following two. 

Claim 5.6. (i)(X, (^j)/3F') is kit (resp. Ic). 
Qi)(D,(^)0F%) is also kit (resp. Ic). 

Indeed, the condition (i) follows from the condition f3 < ( !1 ^-)glct(X;—Kx) and 
the condition (ii) follows from the condition j3 < ( 11 ^-)g\ct(D; — Kx\d)- 

Claim EH (i) implies that (X \ D, (D + ^E% X \ D) = (^E')\ {X \ D) ) is 
kit (resp. Ic) and the second condition (ii) implies (X, (1 — (3)D + -^^f3E') is pit 
(resp. Ic) on an open neighborhood of D, due to the inversion of adjunction 12.31 
Combining together, we obtain that (X, (1 — j3)D + ^^f3E') is pit (resp. Ic) as we 
wanted. 

□ 

Remark 5.7. If wc allow D to be not necessarily Cartier, we obtain similar results 
by considering pair (D, Diffrj(0)) and associated global log canonical thresholds, 
instead of those of single D. Here, Diff£>(0) is a different, which is a divisor of D 
encoding the failure of adjunction (cf. e.g. |Kaw07j ). Also we can extend to the case 
where D is not necessarily normal nor Cartier. For that case, we need to think global 
log canonical threshold glct(D, —Kx\d) on the normalization of D v with different 
of conductor divisor cond(^) attached i.e. glct((Z? 1/ , DiffD" (cond(z/))); v* (— Kx \d)) 
instead. 

Remark 5.8. Assume (X, — K x ) is K-stable in the absolute sense, then if we al- 
low (3 > 1 and consider logarithmic K-stability (resp. logarithmic K-scmistability) 
in the same way as in Definitions 13. 2\ 13. 3[ (3 < (resp. <)( s ^-)glct(A") sim- 
ply implies log K-stability (resp. log K-semistability) with cone angle 2ir[3. This 
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is because sub kawamata-log-termiiiality (resp. sub log-canonicity) condition of 
(X, (1 — fi)D + {^i)/3E) implies log K-stability (resp. log K-semistability) as in 
the proof of Corollary 15 . 5 1 and (1 — 0)D < so that we can simply ignore that term. 
It is interesting that this bound does not depend on D. 

An easy consequences of Theorem 15.41 is 

Corollary 5.9. There is no algebraic subgroup ofAut(X,D) isomorphic to G m . 

Here, Aut(X, D) := {a G Aut(X) | cr*(D) = D} C Aut(X) is the automorphism 
group of the pair (cf. |Amb051 Proposition 4.6]). 

Proof. If there is such a subgroup and consider one corresponding non-trivial one 
paramter subgroup A: G m — > Aut(X, D), then at least one of log Donaldson- Futaki 
invariants of product log test configurations coming from A or A -1 should be neg- 
ative as the sum of two is zero. □ 

Now given Theorem 15.41 one can define for any pair (X, D) an invariant 

P(X, D) := sup{/3 > 0\(X, D) is log K-stablc with cone angle 2?r/3}. 

It is well defined as, if we take J which corresponds to maximal ideal of 
(p,0) G D x {0}, then we have DFp < for /? > as first part of formula flTJ) 
— /3(I/ ra )((£ (2)r (— E) n .C) vanishes and the second part of formula (pj goes to — oo as 
f3 — > oo. We have also proved that 

f3(X,D) > (^^jmm{glct(X;-K x ),glct(D;-Kx\D)}. 

In particular, we proved /3(X, D) is a positive number. 

The following corollary is a simple application of definition of log-K-stability. 

Corollary 5.10. The pair (X, D) is logarithmically K-stable for (3 G (0, /3(X, £))), 
and logarithmically K-unstable for (3 > /3(X, D). 

We expect the pair (X, D) is logarithmically K-semi-stable for (3 = /3(X, D). This 
fits in with the conjecture of Donaldson [Donllj , in terms of existence of Kahler- 
Einstein metrics on X with cone singularities along D. More precisely, when X 
and D are smooth, one can also define an invariant 

R(X, D) := sup{/3 > 0|3 a KE metric on Xwith cone angle 2irf3 along D)}. 

The logarithmic version of the Yau-Tian-Donaldson conjecture would suggest that 
P(X,D) = R{X,D). 



6. Log K-stability and semi-log-canonicity 

In this section, we generalize }Od08| Theorem 1.1, 1.2] as follows. 

Theorem 6.1. (i) If a log polarized variety ((X,D),L) is logarithmically K- 
semistable with cone angle 2t:/3, then {X, (1 — (3)D) is semi-log- canonical pair. 

(ii) If a log Q-Fano anti-(pluri-)canonically polarized variety ((X,D),L) is log- 
arithmically K-semistable with cone angle 2ir[3 and L = Ox(—m(Kx + (1 — P)D)) 
with m G Z>o, then {X, (1 — f3)D) is kawamata-log-terminal pair with /3 > 0. 
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Proof. We prove it in completly similar way as in |Od08j . Assume the contrary. 
First, we argue version (i). As a first step of the proof, take the semi- log-canonical 
model tt: B = Bl T (X) -> (A, (1 - 0)D) of (A, (1 - 0)D), which is possible by 
[0X1 lj . Then, all the coeffecients of (Kb/((x,(i-p)d))gxc is less than —1 by the 
negativity lemma (cf. [KM98I Lemma 3.38]). Second, if A is normal we take 
J := ((I + (t l )) N ) where "denotes integral closure of ideal, I is sufficiently divisible 
positive integer and N 3> 0. If A is non- normal, as similarly as in |Od081 section5] 
or Corollary I3.6[ we nrs t take partial normalization B pv of Blj + ( 4 n(A x A 1 ) with 
sufficiently divisible I € Z>o and take corresponding flag ideal J whose blow up is 
B pu . 

Then, as in [Od08j . all the coefficients of {K)3/((X,(i—f>)D)xA 1 ))exc are negative 
for this J so that DFp(B, C® r (—E)) < for r > o' by the formula [221 Hence, 
this implies logarithimic K-unstability of ((X,D),L) with cone angle 2irf3. This 
completes the proof for the general case (i). 

In the case (ii), if (A, (1 — P)D) is scmi-log-canonical but not kit in codimension 
1 or not normal, then we can take a flag ideal J with Supp(C/^7) has dimension 
n — 1 which is included in non-kawamata-log-terminal locus or non-normal locus, 
such that B is Gorenstein in codimension 1 (otherwise, take partial normalization) 
the coefficients of an exceptional prime divisor Ei of (JtTg/((x, (i- < 9)_D )xA 1 ))exc is if 
dim(II(£'i)) = n—l. (Recall that we did similar procedure in |Od081 section 6]). In 
this case, the leading coefficient of DF,g(S, £® r (— E)) with respect to the variable 
r is {L n ~ l .E 2 ) < 0. 

Thus, we can assume that (A, (1— /3)D) is kit in codimension 1. Assume that it is 
not kit. Then, we can take non-trivial flag ideal J with {K b /^x.(i-/3)d)xa 1 ))cxc = 
in the same way as for the case (i). On the other hand, in this log Q-Fano case 
(ii), the canonical divisor part is always negative so that the whole log Donaldson- 
Futaki invariant is also negative. This completes the proof of the log Q-Fano case 
(ii). □ 

Remark 6.2. Note that the case (ii) discussed above corresponds to log Q-Fano 
case, which are more general than the pair we discussed in section [S] i.e., Q-Fano 
varieties with anti-canonical boundaries. 

By combining Theorem 14.11 and Theorem 16. II (i). we get the following. 

Corollary 6.3. (i) Assume (A, (1 — (3)D) is a log Calabi-Yau pair, i.e., Kx + 
(1 — P)D is numerically equivalent to zero divisor with a polarization L. Then, 
((X,D),L) is logarithmically K-semistable with cone angle 2ir/3 if and only if 
(A, (1 — P)D) is a semi-log- canonical pair. 

(ii) Assume (A, (1—J3)D) is (pluri-)log canonically polarized, i.e., Kx + 0-—j3)D 
is ample and L = Ox(rn(Kx + (1 — P)D)) for m € Z>o- Then, the following three 
conditions are equivalent: 

(a) ((A, D),L) is log K-stable with cone angle 2ir(3, 

(b) ((A, D),L) is log K-semistable with cone angle 2tt0, 

(c) (A, (1 — p)D) is semi-log-canonical. 
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